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A semiclassical mechanism which suppresses the weak anisotropies of an inhomogeneous cosmo-
logical model is developed. In particular, a wave function of this Universe having a meaningful
probabilistic interpretation is obtained that is in agreement with the Copenhagen School. It de-
scribes the evolution of the anisotropies with respect to the isotropic scale factor which is regarded as
a semiclassical variable playing an observer-like role. Near the cosmological singularity the solution
spreads over all values of the anisotropies while, when the Universe expands sufficiently, the closed
Friedmann-Robertson-Walker model appears to be the favorite state.
PACS numbers: 98.80.Qc; 04.60.Ds; 04.60.Bc
I. INTRODUCTION
Quantum cosmology denotes the application of the
quantum theory to the entire Universe as described by
cosmological models (for reviews see [1]). All but a finite
number of degrees of freedom are frozen out by impos-
ing symmetries (homogeneity or isotropy) and the result-
ing finite dimensional configuration space of the theory
is known as minisuperspace. The resulting framework is
thus a natural arena to test ideas and constructions intro-
duced in the (not yet found) quantum theory of gravity.
In quantum cosmology the Universe is described by
a single wave function Ψ providing puzzling interpreta-
tions as soon as the differences with respect to ordinary
quantum mechanics are addressed [2, 3] (see also [4]).
Quantum cosmology is defined up to the following two
assumptions. (i) The analyzed model is the Universe as
a whole and thus there is no longer an a priori splitting
between classical and quantum worlds. No external mea-
surement crutch is available and an internal one can not
play the observer-like role because of the extreme condi-
tions a primordial Universe is subjected to. (ii) In gen-
eral relativity time is an arbitrary label and clocks, be-
ing parts of the Universe, are also described by the wave
function Ψ. Time is thus included in the configuration
space and the integral of |Ψ|2 over the whole minisuper-
space diverges as in quantum mechanics when the time
coordinate is included in the configuration-space element.
As a result the standard interpretation of quantum me-
chanics (the Copenhagen interpretation) does not work
in quantum cosmology. On a given (space-time) back-
ground structure only, observations can take place in the
sense of ordinary quantum theory.
In this work a wave function of a generic inhomoge-
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neous Universe, which has a clear probabilistic interpre-
tation, is obtained. It can be meaningfully interpreted
because of a separation between semiclassical degrees
of freedom, in the Wentzel-Kramers-Brillouin (WKB)
sense, and quantum ones. In particular, the quantum
dynamics of weak anisotropies (the physical degrees of
freedom of the Universe) is traced with respect to the
isotropic scale factor which plays an observer-like role as
soon as the Universe expands sufficiently.
A generic inhomogeneous cosmological model, describ-
ing a Universe in which any specific symmetry has been
removed, represents a generic cosmological solution of
the Einstein field equations [5]. Belinski-Khalatnikov-
Lifshitz (BKL) showed that such a geometry evolves
asymptotically to the singularity as an ensemble, one
for each causal horizon, of independent Bianchi IX ho-
mogeneous Universes [6]. This model represents the best
description we have of the (classical) physics near a space-
like cosmological singularity.
Our main result is that the wave function of the
Universe is spread over all values of anisotropies
near the cosmological singularity, but it is asymptoti-
cally peaked around the isotropic configuration. The
closed Friedmann-Robertson-Walker (FRW) cosmologi-
cal model is then the naturally privileged state as soon
as a sufficiently large volume of the Universe is taken
into account. A semiclassical isotropization mechanism
for the Universe is thus predicted.
This model can be regarded as a concrete implemen-
tation, to a physically interesting cosmological problem,
of the semiclassical approach to quantum cosmology [2].
An isotropization mechanism is in fact necessary to ex-
plain the transition between a very early Universe and
the observed one. The isotropic FRW model can accu-
rately describes the evolution of the Universe until de-
coupling time, i.e. until 10−3 − 10−2s after the big-bang
[7]. On the other hand, the description of its primordial
stages requires more general models. It is thus fundamen-
tal to recover a mechanism which can match these two
cosmological epochs. Although many efforts have been
2made inside classical theory [8, 9] (especially by the use
of the inflation field), no quasiclassical (or purely quan-
tum) isotropization mechanism is yet developed in detail
(for different attempts see [10].) In particular this work
improves [11] in which no clear (unique) probabilistic in-
terpretation of the wave function can be formulated at
all.
The paper is organized as follows. In Section II the
wave function of a generic Universe and its interpreta-
tion are analyzed. Section III is devoted to the study of
an isotropization mechanism. Finally, in Section IV the
validity of the model is discussed. Concluding remarks
follows.
We adopt natural units ~ = c = 1 apart from where
the classical limits are discussed.
II. WAVE FUNCTION IN QUANTUM
COSMOLOGY
In this Section a wave function of a generic inhomo-
geneous Universe, which has a meaningful probabilistic
interpretation, is described. There are some reliable in-
dications that the early stages of the Universe evolution
are characterized by such a degree of generality [8, 12]. In
the quantum regime, dealing with the absence of global
symmetry, it is however required by indeterminism. On
different causal regions the geometry has to fluctuate in-
dependently so preventing global isometries.
The dynamics of a generic cosmological model is sum-
marized, asymptotically to the cosmological singularity,
in the action I =
∫
M dtd
3x
(
pi∂tq
i −NH) [12] (for a
review see [13]). Here qi are the three scale factors,
pi the three conjugate momenta, N the lapse function
and H = 0 is the scalar constraint which, in the Misner
scheme, reads
H(xi) = κ
[
−p
2
a
a
+
1
a3
(
p2+ + p
2
−
)]
+
a
4κ
V (β±)+U(a) = 0.
(1)
The potential term V (β±) accounts for the spatial cur-
vature of the model and is given by
V = λ21
(
e−8β+ − 2e4β+)+λ22 (e4(β++√3β−) − 2e−2(β++
−√3β−)
)
+ λ23
(
e4(β+−
√
3β−) − 2e−2(β++
√
3β−)
)
+ λ2in.
(2)
In this expression liin = a/λi (λi = λi(x
i)) denotes the
co-moving physical scale of inhomogeneities [14], λ2 =
λ21 + λ
2
2 + λ
2
3 and κ = 8πG is the Einstein constant. The
function a = a(t, xi) describes the isotropic expansion of
the Universe while its shape changes (the anisotropies)
are associated to β± = β±(t, xi). It is relevant to remark
an important feature of such a model. Via the BKL sce-
nario [5] the dynamics of a generic inhomogeneous Uni-
verse reduces, point by point, to the one of a Bianchi
IX model. More precisely the spatial points dynamically
decouple toward the singularity and a generic Universe
is thus described by a collection of causal regions each
of which evolves independently as a homogeneous model,
in general as Bianchi IX. This picture holds as far as the
inhomogeneities are stepped out of the cosmological hori-
zon lh ∼ t, i.e. the inequality lin ≫ lh holds [5]. In each
space point the phase space is then six dimensional with
coordinates (a, pa, β±, p±) and the cosmological singular-
ity appears as a → 0. In this system the matter terms
are regarded negligible with respect to the cosmological
constant, i.e. the isotropic potential U in (1) reads
U(a) = −aλ
2
4κ
+
Λa3
κ
(3)
Λ being the cosmological constant. Far enough from the
singularity the cosmological constant term dominates on
the ordinary matter fields. Such a contribution is neces-
sary in order for the inflationary scenario to take place
[7, 8, 9].
As we said, a correct definition of probability (posi-
tive semidefinite) in quantum cosmology can be formu-
lated by distinguishing between semiclassical and quan-
tum variables [2]. Variables satisfying the Hamilton-
Jacobi equation are regarded as semiclassical and it is
assumed that the semiclassical dynamics is not affected
by quantum dynamics. In this respect the quantum vari-
ables describe a small subsystem of the Universe. It is
thus natural to regard the isotropic scale factor a as semi-
classical and to consider the anisotropies β± (the two
physical degrees of freedom of the Universe) as quantum
variables. In other words, we assume ab initio that the
radius of the Universe is of different nature with respect
to its shape changes. As we will see the isotropic share
of the scalar constraint becomes semiclassical before the
anisotropic one. In agreement with such a reasoning the
wave functional of the Universe Ψ = Ψ(a, β±) reads [2]
Ψ
a→0−→
∏
i
Ψi(x
i), Ψi = ψ0χ = A(a)e
iS(a)χ(a, β±) (4)
where the factorization is due to decoupling of the spa-
tial point. This wave function is WKB-like in a (am-
plitude and phase depend only on the semiclassical vari-
able). The additional function χ depends on the quan-
tum variables β± and parametrically only, in the sense
of the Born-Oppenheimer approximation, on the scale
factor. The effects of the anisotropies on the Universe
expansion, as well as the effects of the electrons on the
dynamics of nuclei, are thus regarded as negligible.
The canonical quantization of this model is achieved
by the use of the Dirac prescription for quantizing con-
strained systems [15], i.e. imposing that the physical
states are those annihilated by the self-adjoint operator
Hˆ corresponding to the classical counterpart (1). We
represent the minisuperspace canonical commutation re-
lations [qˆi, pˆj ] = iδij in the coordinate space, i.e. qˆi and
pˆi act as multiplicative and derivative operators respec-
tively. The Wheeler-DeWitt (WDW) equation for this
3model leads, considering (4), to three different equations.
We obtain the Hamilton-Jacobi equation for S and the
equation of motion for A, which respectively read
− κA (S′)2 + aUA+ Vq = 0, 1
A
(
A2S′
)′
= 0. (5)
Here (·)′ = ∂a and Vq = κA′′ is the so-called quantum
potential which is negligible far from the singularity even
if the ~ → 0 limit is not taken into account (see below).
The action S(a) defines a congruence of classical trajec-
tories, while the second equation in (5) is the continuity
equation for the amplitude A(a).
The third equation we achieve describes the evolution
of the quantum subsystem and is given by
a2
(
2A′∂aχ+A∂2aχ+ 2iAS
′∂aχ
)
+AHˆqχ = 0, (6)
where
Hq = p
2
+ + p
2
− +
a4
4κ2
V (β±) (7)
represents the quantum Hamiltonian. The first two terms
in (6) are of higher order in ~ than the third and can be
neglected. We then deal with a Schro¨dinger-like equation
for the quantum wave function χ
− 2ia2S′∂aχ = Hˆqχ. (8)
Such an equation is in agreement with the assumption
that the anisotropies describe a quantum subsystem of
the whole Universe, i.e. that the wave function χ de-
pends on β± only (in the Born-Oppenheimer sense).
The smallness of such a quantum subsystem can be for-
mulated requiring that its Hamiltonian Hq is of order
O(ǫ−1), where ǫ is a small parameter proportional to ~.
Since the action of the semiclassical Hamiltonian oper-
ator Hˆ0 = a
2∂2a + a
3U/κ on the wave function Ψi is of
order O(ǫ−2), the idea that the anisotropies do not in-
fluence the isotropic expansion of the Universe can be
formulated as HˆqΨi/Hˆ0Ψi = O(ǫ). Such a requirement
is physically reasonable since the semiclassical properties
of the Universe, as well as the smallness of the quantum
subsystem, are both related to the fact that the Universe
is sufficiently large [2].
A pure Schro¨dinger equation for χ is obtained tak-
ing into account the tangent vector to the classical path.
From the first of equations (5) we find
pa = S
′ = −a
κ
√
Λa2 − λ
2
4
, (9)
and the minus sign is chosen to have compatibility be-
tween the time gauge da/dt = 1 and a positive lapse
function 2N = (Λa2 − λ2/4)−1/2. It is then possible to
define a new time variable τ such that dτ = (Nκ/a3)da
and, considering the lapse function N , it reads
τ =
κ
a2
[√
4Λa2 − λ2
2
− 2Λa2 tan−1
(
1√
4Λa2 − λ2
)]
.
(10)
This equation can be simplified in the asymptotic re-
gion a≫ λ/√Λ where τ behaves as τ = (κ/12√Λ)a−3+
O(a−5). Such a region deserves interest since the variable
a can be considered as semiclassical and an isotropiza-
tion mechanics for the Universe takes place (see below).
Choosing τ as time coordinate, equation (8) rewrites as
i∂τχ = Hˆqχ =
(
−∆β + a
4
4κ2
V (β±)
)
χ, (11)
which has the desired form.
Let us now discuss the implications of this approach for
the definition of the probability distribution. The wave
function (4) defines a probability distribution ρ(a, β±) =
ρ0(a)ρχ(a, β±), where ρ0(a) is the classical probability
distribution for the semiclassical variable a. On the other
hand, ρχ = |χ|2 denotes the probability distribution for
the quantum variables β± on the classical trajectories (5)
where the wave function χ can be normalized. An ordi-
nary interpretation (in the Copenhagen sense) of a wave
function tracing a subsystem of the Universe is therefore
recovered.
III. THE ISOTROPIZATION MECHANISM
A wave function which naturally leads to an isotropic
configuration of the Universe is here obtained. As we
said the generic inhomogeneous cosmological model is
described, toward the singularity, by a collection of ∞3
independent Bianchi IX models each of which referred to
a different spatial point [5]. Bianchi IX (the Mixmaster
Universe [6]) is the most general, together with Bianchi
VIII, homogeneous cosmological model and its spatial ge-
ometry is invariant under the SO(3) group [13, 16, 17].
This system generalizes the closed FRW cosmological dy-
namics if the isotropy hypothesis is relaxed.
In order to enforce the idea that the anisotropies can
be considered as the only quantum degrees of freedom of
the Universe we address the quasi-isotropic regime, i.e.
|β±| ≪ 1. Moreover, since we are interested in the link
existing between the isotropic and anisotropic dynam-
ics, the Universe has to be get through to such a quasi-
isotropic era. In this regime the potential term reads
V (β±) = 8λ2(β2+ + β
2
−) + O(β3) while for the equation
(11) we get
i∂τχ =
1
2
(−∆β + ω2(τ)(β2+ + β2−))χ, (12)
where τ has been rescaled by a factor 2 and ω2(τ) =
C/τ4/3 (C being a constant in each space point given by
2C = λ2((6)4/3(κΛ)2/3)−1). The dynamics of the Uni-
verse anisotropies subsystem can then be regarded as a
time-dependent bi-dimensional harmonic oscillator with
frequency ω(τ).
The construction of the quantum theory for a time-
dependent, linear, dynamical system has remarkable dif-
ferences with respect to the time-independent one [18]. If
4the Hamiltonian fails to be time-independent, solutions
which oscillate with purely positive frequency do not ex-
ist at all (the dynamics is not carried out by an unitary
time operator). In particular, in the absence of a time
translation symmetry, no natural preferred choice of the
Hilbert space is available. In the finite-dimensional case
(where the Stone-Von Neumann theorem holds) no real
mistake arises since for any choice of the Hilbert space
the theory is unitarily equivalent to the standard one.
On the other hand, as soon as a field theory is taken
into account serious difficulties appear and an algebraic
approach is required [18].
The quantum theory of a harmonic oscillator with
time-dependent frequency is known and the solution of
the Schro¨dinger equation can be obtained analytically
[19]. The analysis is mainly based on the use of the
“exact invariants method” and on some time-dependent
transformations. An exact invariant J(τ) is a constant
of motion (namely J˙ ≡ dJ/dτ = ∂τJ − i[J, Hˆq] = 0), is
hermitian (J† = J) and for the Hamiltonian Hq as in
(12) it explicitly reads
J± =
1
2
(
ρ−2β2± + (ρp± − ρ˙β±)2
)
. (13)
Here ρ = ρ(τ) is any function satisfying the auxiliary
non-linear differential equation ρ¨ + ω2ρ = ρ−3. The
goal for the use of such invariants (13) relies on the fact
that they match the wave function of a time-independent
harmonic oscillator with the time-dependent one. Let
φn(β, τ) the eigenfunctions of J forming a complete or-
thonormal set corresponding to the time-independent
eigenvalues kn = n + 1/2. These states turns out to be
related to the eigenfunctions φ˜n(ξ) (ξ = β/ρ) of a time-
independent harmonic oscillator via the unitary trans-
formation U = exp(−iρ˙β2/2ρ) as φ˜n = ρ1/2Uφn. The
non-trivial (and in general non-available) step in this con-
struction is to obtain an exact solution of the auxiliary
equation for ρ. However in our case it can be constructed
and explicitly reads
ρ =
√
τ√
C
(
1 +
τ−2/3
9C
)
. (14)
Finally, the solution of the Schro¨dinger equation (12)
is connected to the J-eigenfunctions φn by the rela-
tion χn(β, τ) = e
iαn(τ)φn(β, τ). (The general solution
of (12) can thus be written as the linear combination
χ(β, τ) =
∑
n cnχn(β, τ), cn being constants.) Here the
time-dependent phase αn(τ) is given by
αn = −
(
n+
1
2
)∫
dτ
ρ2(τ)
=
=
3
√
C
2
(
n+
1
2
)[
ln(9C3/2) + ln
(
1
9C3/2
+
τ2/3√
C
)]
.
(15)
Collecting these results the wave function χn(β±, τ),
which describes the evolution of the anisotropies of the
0.1
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FIG. 1: The absolute value of the ground state of the wave
function χ(β±, τ ) far from the cosmological singularity. In the
plot we take C = 1.
Universe with respect to the scale factor, reads χn =
χn+(β+, τ)χn−(β−, τ). Here n = n+ + n− and
χn±(β±, τ) = A
eiαn(τ)√
ρ
hn(ξ±) exp
[
i
2
(
ρ˙ρ−1 + iρ−2
)
β2±
]
,
(16)
where A is the normalization constant, hn are the usual
Hermite polynomial of order n and ρ(τ) and the phase
α(τ) are given by (14) and (15), respectively. It is im-
mediate to verify that, as ω(τ) → ω0 and ρ(τ) → ρ0 =
1/
√
ω0 (namely α(τ) → −ω0knτ), the solution of the
time-independent harmonic oscillator is recovered.
Let us investigate the probability density to find the
quantum subsystem of the Universe at a given state. As
a result the anisotropies appear to be probabilistically
suppressed as soon as the Universe expands sufficiently
far from the cosmological singularity (it appears for a→
0 or τ → ∞). Such a feature can be realized from the
behavior of the squared modulus of the wave function
(16) which is given by
|χn|2 ∝ 1
ρ2
|hn+(ξ+)|2|hn−(ξ−)|2e−β
2/ρ2 , (17)
where β2 = β2+ + β
2
−. This probability density is still
time-dependent through ρ = ρ(τ) and ξ± = β±/ρ since
the evolution of the wave function χ is not traced by an
unitary time operator. As we can see from (17) when
a large enough isotropic cosmological region is consid-
ered (namely when the limit a → ∞ or τ → 0 is taken
into account) the probability density to find the Uni-
verse is sharply peaked around the isotropic configura-
tion β± = 0. In this limit (which corresponds to ρ → 0)
the probability density |χn=0|2 of the ground state n = 0
is given by |χn=0|2 τ→0−→ δ(β, 0). It is thus proportional to
the Dirac δ-distribution centered on β = 0 (see Fig. 1).
Summarizing, when the Universe moves away from the
cosmological singularity, the probability density to find
5it is asymptotically peaked (as a Dirac δ-distribution)
around the closed FRW configuration. Near the singu-
larity all values of the anisotropies β± are almost equally
favored from a probabilistic point of view. On the other
hand, as the volume of the Universe grows, the isotropic
state becomes the most probable state of the Universe.
The key feature of such a result relies on the fact that
the isotropic scalar factor has been considered as an in-
trinsic variable with respect to the anisotropies. It has
been treated semiclassically (WKB) while the two phys-
ical degrees of freedom of the Universe (β±) have been
described as real quantum coordinates (the validity of
this assumption is discussed in what follows). In this
way a positive semidefinite probability density can be
constructed for the wave function of the quantum sub-
system of the Universe.
IV. PHYSICAL CONSIDERATIONS ON THE
MODEL
To complete our analysis we investigate the range of
validity of the model. In particular, (i) we want to ana-
lyze in which sense it is correct to regard the scale factor
a as a WKB variable and (ii) up to which regime the
hypothesis of a quasi-isotropic potential is reasonable.
A variable can be considered semiclassical in the WKB
sense if its dynamics is completely described by the zero-
order Hamilton-Jacobi equation [20]. If the dynamics of
a system no longer evolves according to the Schro¨dinger
equation but all the informations are summarized in the
Hamilton-Jacobi equation, then such a system can be
regarded as classical. In order to understand in which
regime the Hamiltonian H0 = −a2p2a + a3U/κ is semi-
classical (or equivalently when a is a WKB variable) the
roles of the quantum potential Vq and the WKB wave
function ψ0 have to be investigated. The term Vq in the
Hamilton-Jacobi equation (5) can be easily computed.
From the continuity equation (the second of (5)) and (9),
the amplitude A turns out to be
A =
√√
κ
a
(
Λa2 − λ
2
4
)−1/4
. (18)
In the a ≫ λ/√Λ limit (τ → 0) the quantum potential
behaves like Vq ∼ O(1/a3). In other words Vq can be ne-
glected as soon as the Universe sufficiently expands, even
if the limit ~ → 0 is not taken into account. It is also
easy to verify that the function ψ0 = exp(iS + lnA) ap-
proaches the quasi-classical limit eiS for sufficiently large
values of a. In fact, considering (9) and (18), ln(ψ0) is
given by
i
[
− (4Λa
2 − λ2)3/2
24Λκ
+ i ln
(√
a√
κ
(
Λa2 − λ
2
4
)1/4)]
.
(19)
The logarithmic term decays with respect to S as soon as
a ≫ λ/
√
Λ and in this region ψ0 ∼ eiS . It is worth not-
ing that to have a self-consistent scheme both relations
lin ≫ lh ∼ a (which ensures the validity range of the
BKL picture) and lin ≫ lΛ (lΛ ≡ 1/
√
Λ being the infla-
tion characteristic length) have to hold. (We stress that
the inflationary scenario usually takes place if a ≫ lΛ
[7, 8, 9]). These constraints state the degree of inhomo-
geneity that is allowed in our model so that the generic
Universe can be described, point by point, by a Mixmas-
ter model. At the same time the scale factor a can be
considered as a semiclassical variable playing the inter-
nal observer-like role for the quantum dynamics of the
Universe anisotropies.
Let us now analyze the hypothesis of a quasi-isotropic
potential. A maximum quantum number indicating that
the mean value of the quantum Hamiltonian is not com-
patible with an oscillatory potential has to be found. The
expectation value of the Hamiltonian Hq in state |n〉 is
given by
〈Hq〉n = 1
2
(
n+
1
2
)(
ρ−2 + ω2ρ2 + ρ˙2
)
. (20)
These values are equally spaced at every instant as for a
time-independent harmonic oscillator. The ground state
is obtained for n = 0. The limit of applicability of our
scheme relies on an upper bound of the occupation num-
ber n. Taking into account the expressions for ω2(τ) (12)
and ρ(τ) (14), the expectation value (20), far from the
cosmological singularity, behaves like
〈Hq〉n τ→0∼ 1
τ5/2
(
n+
1
2
)
. (21)
It is then possible to obtain the maximum admissible
quantum number nmax. The approximation of small
anisotropies does not work for a given value of β± (for
example β± ∼ O(1)). Such hypothesis is thus incorrect
as soon as 〈Hq〉n ∼ V ⋆ = V (β± ∼ O(1)). The value nmax
then depends on time τ and reads nmax ∼ V ⋆τ5/2. In this
way, when a suitablly large configuration of the Universe
is taken into account (τ → 0), not many excited states
can be considered. This is not, however, a severe limita-
tion since it is expected that, when the Universe moves
away from the classical singularity, the ground state be-
comes the favored configuration [14].
V. CONCLUDING REMARKS
In this paper we have shown how a semiclassical
isotropization mechanism for a quasi-isotropic inhomo-
geneous Universe takes place. The wave function of the
Universe describes its two physical degrees of freedom
(the shape changes β±), and it is meaningfully inter-
preted as soon as the isotropic scale factor a plays the
observer-like role. This condition is satisfied for large val-
ues of the volume, and the dynamics of the anisotropies
can be probabilistically interpreted since it describes a
small quantum subsystem. The probability density of
the possible Universe configurations is stretched over all
6values of anisotropies near the cosmological singularity.
On the other hand, at large scales the probability density
is sharply peaked around the closed FRW model. In this
way, as the Universe expands from the initial singularity,
the FRW state becomes more and more probable.
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